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I. Introduction

IN recent years, integration of renewable energy and

storage has become an increasingly common phenomenon

in the electricity industry. With rising atmospheric carbon

dioxide levels and a push to promote greener technologies,

a major transition into renewable energy seems imminent.

These renewable energy sources tend to be distributed

throughout the grid. Microgrids, therefore, appear as a

natural extension to this decentralization of generation [1].

Conventional inertial generation is well understood

and its availability is very important to easily maintain the

voltage and frequency levels. Despite the fact that microgrids

are envisioned as exciting opportunities, providing all the

services identical to the traditional electrical power system

is not straightforward. To this end, it is important to be able

to implement (islanded) microgrids that provide at least the

same levels of reliability, robustness and stability that the

traditional grid model provides. In fact, the reliability levels

have to be higher than in traditional grids given that the

loads can be un-interruptible. To facilitate such a design the

distributed energy generation in the microgrid should be able

to compensate for the loss of grid i.e., regulate the voltage

and frequency within permissible levels and also maintain

∗
Corresponding author email: rkolluri@student.unimelb.edu.au. This

work has been partly funded by a Linkage Grant supported by the Australian

Research Council, Better Place Australia and Senergy Australia. R. R. Kolluri,

I. Mareels, T. Alpcan and M. Brazil, are with the Department of Electrical

and Electronic Engineering, The University of Melbourne, Australia. D. A.

Thomas is with the Department of Mechanical Engineering, The University

of Melbourne, Australia. J. De Hoog is with IBM Research – Australia, 19/60

City Road, Melbourne VIC 3006 Australia.

stability and synchrony in the microgrid. In addition, the

amount of energy (power) available for dispatch is a crucial

limiting factor for microgrid operation. These limits dictate

the stability and power supply boundaries of the system.

Robust power sharing capability between sources in a

microgrid is more of a necessity than a �exibility in such an

energy / power limited scenario.

Power sharing between inverter based sources through

droop control was �rst proposed in [2]. Drawing motivation

from the operation of synchronous generators, droop

controlled inverters measure their output real and reactive

power to modify their frequency and voltage, respectively.

Certain design criteria ensure proportional power sharing

can be achieved between inverters. Since inverters are

operated as voltage sources, the droop control based

operation is a master-less control. Over the years, various

modi�cations have been introduced to droop control to

broaden the spectrum of its applicability. For example, a

transformation method is used in [3] to facilitate droop

control at various voltage levels. A review of several control

techniques used in power sharing between inverter based

sources is given in [4].

One well known decentralized control technique is the

angle droop control introduced in [5]. Implemented only

on real power (Pi - for highly inductive networks), this

scheme is motivated by the well-known fact that small

angle di�erences will cause a change in the power sharing

between the sources. Therefore, each inverter i is controlled

to change its phase angle (δi ) according to its real power

(Pi ) output. Depending on the network characteristics, the

angle droop control is also modi�ed to control the real or

reactive power �ow in microgrid networks [6]. Although

their implementation is supposedly harder than frequency

droop control, angle droop controlled inverter based systems

provide better stability margins [7], [8]. Unlike the frequency

droop control [2], angle droop control regulates frequency

to its set point without steady state error [5]. Some recent

papers [9] proposed techniques that also ensure zero steady

state deviation.

Besides frequency regulation, power sharing is essential. In

angle-droop controlled inverters power sharing is a�ected by

the network impedances and frequency mismatches as well

as implementation issues in the control loops. Most of the re-

search work in inverter interfaced microgrids based on droop
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control focuses on the stability and e�ciency of these sys-

tems under a variety of assumptions. The authors of [10], [11]

consider the signi�cance of computational delays, numerical

errors and parameter uncertainties and how these a�ect the

power sharing. In [10] a robust controller was proposed to

mitigate the adverse e�ects. No e�orts were made to analyse

the e�ects of implementation errors a�ecting frequency or

phase angle. Some authors do acknowledge that frequency

or synchronization errors may arise but do not characterise

the consequences of such disturbances on power sharing or

frequency stability in the network [10], [12], [13], [4]. While

it is understood that frequency (angle) related errors do occur,

e.g. as a consequence of crystal inaccuracies, inaccurate pre-

synchronization of inverter interconnection [12], most papers

assume that frequency is accurately implemented. Some of

our earlier papers consider the issues arising from frequency

mismatches in frequency droop controlled systems [14] and

angle droop controlled systems [15].

A. Contribution

In this paper, we analyse the power sharing properties

of angle-droop controlled systems under di�erent network

topologies. We identify the limitations of implementation

and power sharing correction techniques discussed in the

literature [6], [7]. The main contributions of this paper are

two fold. Firstly small frequency variations are natural in

inverters but are largely ignored in the literature; here it

is demonstrated that their mere presence destabilises the de-

sired microgrid power distribution equilibrium. Subsequently,

inspired by consensus based frequency restoration [16] and

consensus based droop control techniques [17], a new con-

sensus control algorithm is presented to overcome frequency

noise in the microgrid, and to improve/restore the desired

power distribution equilibrium in the microgrid. We also

present results that demonstrate the stability of the proposed

control methods.

B. Outline

This paper is organised as follows. Section I gives a brief

introduction to power sharing via angle droop control which

also serves to motivate the issues under consideration in the

remainder of the paper. Section II describes the microgrid

network topology considered in this paper. It also presents

typical inverter models, valid in the context of power dis-

patch, to indicate how a desired power distribution equilib-

rium may be realised in an inverter based microgrid. Section

III discusses the fundamentals of angle droop control and

in particular discusses the e�ect various control and system

parameters have on the power sharing between inverters.

A new control methodology is then proposed in section IV,

to overcome impedance distribution e�ect and local clock

errors and retain the stability of the desired power sharing

equilibrium. Stability properties are discussed in this same

section. Section V illustrates the results using a number of

simulations. Final comments including pointers to further

work conclude the paper in Section VI.

II. System Set-up

A. Inverter modelling

Based on literature, we consider the traditional inverter

model where the switching and the inner control loops are

at much higher frequencies than its output frequency [18].

This allows us to denote the inverter as an averaged voltage

source which is capable of bidirectional power supply and

whose output voltage is given by

vi(t) = Vi cos(ωt + δi) , (1)

where t is the time, Vi is the voltage amplitude, ω is the

controllable operating frequency and δi is the controllable

phase angle. For a local time, ti as perceived at inverter i the

output voltage is denoted as:

vi(ti) = Vi cos(ωti + δi) . (2)

B. Modelling the impact of clock drifts

In this paper, we particularly focus on the consequences

of clock accuracy, and the impact this has on implementing

a global frequency across the microgrid. The majority of the

literature generally assumes that the inverters can maintain

a particular nominal frequency, yet this nominal / operating

frequency can �uctuate. As there are no synchronous

machines, there is a compelling case to considering the

consequences of clock drift. In practice, as a consequence

of clock drift, an inaccuracy of 0.1% in frequency is quite

typical in commercial inverters [19], [20], [21] (see also Table

I). In a grid connected scenario, these inaccuracies may lead

to some �uctuations in power factor but, in autonomous

microgrid operations they have much larger implications.

In a critical-load and energy-limited scenario, these small

�uctuations will hamper the system performance and may

a�ect the system’s lifetime.

To facilitate such an analysis, we denote the voltage at

each inverter in terms of a common reference time t and

represent the local time ti at the ith inverter with respect to

the reference time t as [22]:

ti = t (1 + εi) , (3)

where εi is the drift of the local clock with respect to the

reference clock. Here we consider a time invariant drift, εi .
The stability results will allow us to infer robustness with

respect to slowly time varying drifts. When there is no master

clock in the system a drift in local clocks is natural.

From the above de�nitions the ith inverter based source

can be modelled in terms of the reference time t (with a

slight abuse of notation) as

vi(t) = Vi cos(ωit + δi), (4)

where Vi the voltage amplitude, ωi =ω+ηi with ηi = εi ×ω
is the frequency generated by inverter i and δi is the phase

angle.

Using commonly reported values for the clock drift, εi
a frequency drift in the order of 0.03 Hz (for reference

frequencies around 50 or 60 Hz) is to be expected, as seen in
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Table I. The table lists η = εω as well as the corresponding

per unit time scale variable γ = 1/(1 + ε).

Table I: Drifts in commercial inverters

Reference |η|(Hz) γ

[19] 0.05 1 ± 0.001

[20] 0.025 1 ± 0.0005

[21] 0.05 1 ± 0.001

[23] 0.06 1 ± 0.001

[24] 0.025 1 ± 0.0005

On the assumption that the reference signal vi,ref (ti)
is perfectly tracked by the inner (voltage/current) control

loops of the inverter, any changes to the reference signal,

either in voltage amplitude and/or frequency are re�ected

by equivalent proportional changes in the output voltage.

For proper voltage reference tracking, the reference signal

vi,ref (ti) at each inverter is assumed to be a constant value

within the carrier interval, i.e., the switching frequency [25].

This essentially means that any control that changes the

reference signal should not act faster than the switching

dynamics.

The integration process at each inverter will be a�ected

by the clock drifts. Using (3), we can express the local

integration/di�erentiation as follows,

d(·)
dti

= γi
d(·)
dt
, (5)

where γi = 1/(1 + εi), is a variable that describes how the

local clock deviates from the global clock.

III. Angle Droop and Power sharing

A. Introduction to angle droop

According to classical analysis [26] which assumes that all

the voltage sources and loads in Figure 1 are operating at

an exact common frequency, for example 50Hz, the voltage

sources of the form (4) can be represented by their phasor

notation Vi∠δi . If we assume that the network impedances

have a high X/R ratio and the voltage amplitudes are

constant, we have power �ow

Pi0 ≈ ViV0 sin(δi − δ0)/Xi0. (6)

Assuming the di�erence between the phase angles is small,

we can write:

(δi − δ0) � χi0Pi0 (7)

where χij , Xij /(ViVj ), is a constant that determines the re-

ciprocal of maximum real power �ow between any two nodes

in a network in terms of the voltages and line impedance. As

seen in (7), the amount of real power �owing between two

nodes can be controlled by manipulating the phase angle at

the inverter. This forms the basis of the proportional angle

droop controller [5]:

δi = δ∗i −mi(Pi − P
∗
i ), (8)

where mi is the droop coe�cient and (·)∗ represent nominal

values.

V1∠δ1

Z10∠θ1

V2∠δ2

Z20∠θ2

ZL∠θL

V0∠δ0

Figure 1: Power �ow within a system consisting of two

voltage sources supplying a common load.

Observe that the implementation of angle droop control

requires a common clock signal and the angle measurements

are made with respect to a common angular frequency ω∗

(50 or 60 Hz for example) [6]. Using the global positioning

system (GPS) based time synchronization was presented

as a possible solution for time synchronization in [6]. A

disadvantage of such design is that the entire network is

dependent on an external timing source, which indicates a

single point of failure.

B. E�ect of line impedances on power distribution

The main aim of the angle droop controller is to provide

robust and fair power sharing without imposing a master-

slave relationship on the system. Therefore, it is important

to understand how the power sharing between the inverters

is achieved using angle droop control.

1) Two source one load case: In this case, the angle di�er-

ences between the sources and the load of Figure 1 can be

given by (7) as follows:

(δ1 − δ0) � χ10P10, (9)

(δ2 − δ0) � χ20P20. (10)

Assuming that the sources 1 and 2 are operated on angle

droop control and also assuming δ∗i = miP
∗
i = 0, the angle

between the two sources can be represented by (11). Solving

equations (9), (10) together with (11) yields (12).

(δ1 − δ2) �m2P20 −m1P10 (11)

P10 (χ10 +m1) = P20 (m2 +χ20) (12)

It can be seen from (12) that only a choice of mi >> χi0 will

result in the desired power sharing ratio m1P10 ≈ m2P20. If

mi << χi0 or if there exists a non-negligible link resistance,

then we require a more sophisticated technique to ensure

proper power sharing.

2) Other topologies: The power sharing correction for

topologies like those shown in Figures 2 and 3 is more

complex. For the system shown in Figure 2 load voltage

communication or central controller based supervision may

be used to implement a power sharing correction [6], but

such systems are then susceptible to a single point-of-failure.

Also this solution is di�cult to scale, as any change in

the topology require a change in the control law. For the

system in Figure 3, choosing δ∗i or mi,new
to counteract

the power sharing error is di�cult due to the unavailability

of partial power terms. Measuring partial power terms for

δ∗i correction is impractical and even load voltage feedback

will not guarantee power sharing. For more discussion along

these lines refer to [15].
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V1∠δ1

Z10∠
θ10

V2∠δ2
Z
20 ∠θ

20

V3∠δ3
Z 30
∠θ

30

Vn∠δn

Zn0 ∠θn0
ZL

V0∠δ0

Figure 2: Star topology - n angle droop controlled inverter

systems supplying a common load ZL. Each inverter is

represented by a phasor Vi∠δi and is connected to the load

(V0∠δ0) through an output impedance Zi0∠θi0. The blue

dotted lines represent communication between inverters as

introduced in section IV.

V1∠δ1

Z1a∠θ1aI1a

V2∠δ2

Z2a∠θ2I2a

Za∠θa
Ia

Va∠δa
Z2b∠θ2bI2b

V3∠δ3

Z3b∠θ3bI3b

Zb∠θb
Ib

Vb∠δb
Z3c∠θ3cI3c

Zc∠θc
Ic

Z4c∠θ4cIc4

V4∠δ4

Vc∠δc

Figure 3: Four inverter three load microgrid. The blue

dotted lines represent communication between inverters as

introduced in section IV.

To the best of our knowledge, in the literature no control

method using only limited communications can adequately

ensure fair power sharing in angle droop controlled systems.

Selecting large values for mi or modifying mi based on

load voltage communication may provide power sharing,

but (especially when Xij /(Vi Vj ) is large) this will erode the

stability margin of the microgrid system [6], and hence this is

not a practical approach. Also obtaining accurate information

on Xij for all branches in a network is di�cult.

C. E�ect of clock drift on power distribution

Let us consider how the power sharing between inverters

is a�ected by clock drift. First, de�ne the average frequency

in the network as

ωavg =
1
n

n∑
i=1

ωi . (13)

Over a short period of time, the average frequency can be

viewed as the global system frequency, and we rewrite the

ith inverter local voltage (4) in terms of this average network

frequency ωavg as follows,

vi(t) = Vi cos(ωavg t + δ′i(t)), (14)

where δ′i(t) = δi +(ωi −ωavg )t is a time varying phase angle.

Given any network, we continue our analysis using its

Kron reduced form [26]. The active power at the ith inverter,

pi , in the Kron reduced network, using (14), is of the form
1
:

pi = GiiV
2
i +

n∑
k=1,k,i

|Yik |ViVk sin(δ′i − δ
′
k +φik), (15)

where Yik = Gik + jBik is the complex admittance and φik
is the admittance angle between inverters i and k in the

Kron reduced network. (Recall that the analysis conducted

here is with respect to a global reference time t, and a global

frequency ωavg .)

The sinusoidal terms in pi are functions of time due to the

clock drifts as follows:

sin(δ′i − δ
′
k +φik) = sin((δi + (ωi −ωavg )t)

− (δk + (ωk −ωavg )t) +φik) (16)

= sin(δi − δk + (ωi −ωk)t +φik). (17)

Since in our setting (ωi −ωk) = (εi −εk)ω is not zero, the

power �ow pi (15) varies (slowly) with time as a sum of sine

functions, each sine function having a small frequency given

by the frequency error between two inverters. (Using the

data in Table II, observe that the time scale for these power

�ow variations is in the order of 30 seconds.)

In summary, in order to achieve power sharing, we need a

control scheme that can overcome both the line impedance

e�ect and the frequency mismatch e�ect. To enable such

control, and allow the above model over a signi�cant period

of time to be valid, we �rst implement a frequency restoration

control to suppress any beating phenomenon caused by

frequency di�erences. We now extend our results from [15]

and demonstrate a controller using limited communication

that can deliver power sharing in the present scenario.

IV. Modified angle droop and stability analysis

Motivated by the robustness and modularity requirements

for a microgrid, we make use of inter-node communications

to maintain desired power output and achieve synchroniza-

tion between inverters.

A. Frequency control
To facilitate frequency synchronization between inverters

and to eliminate any frequency beating phenomena, we

propose that each inverter i communicates its measured local

frequency ωi to the neighbouring inverters j ∈Ni . This type

of control is locally executed. Example nearest neighbour

communication paths are indicated by blue dotted lines in

Figures 2 and 3. The ith inverter then implements an integral

action controller to reduce the frequency drift:

γiω̇i = −ψi
∑
j∈Ni

(ωi −ωj ), (18)

where ψi > 0 is the frequency restoration gain.

B. Power control
In order to facilitate power sharing, we propose that each

inverter communicates its output power to all its neighbour-

ing inverters. Inspired by consensus theory [27], we modify

1
The time argument is neglected for simplicity
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the droop equation (8) by adding an integral action term zi(t)
as shown in (19). The integral action zi(t) is de�ned in (20).

δi = δ∗i −mi × (Pi − P ∗i )− zi , (19)

γi żi = ki
∑
j∈Ni

(miPi −mjPj )., (20)

where ki is the integral control gain. The integral action

serves to enforce power �ow sharing, because the equilibrium

condition implies power sharing.

C. Convergence and stability analysis

The modi�ed angle droop control system is a combination

of two separate controllers, one to achieve frequency conver-

gence and another to achieve consensus in power sharing. We

have the following stability results.

Theorem IV.1 (Frequency Consensus). The frequency
controller (18) with individual control gains ψi > 0 achieves
frequency consensus irrespective of the remaining system be-
haviour, provided the communication graph is symmetric and
well-connected.

Proof. First, we rewrite the frequency stabilising controller

(18) in vector form as

Γ Ω̇ = −Ψ LcΩ, (21)

where Γ = diag(γi), Ω = col(ωi) and Ψ = diag(ψi), and Lc
is the Laplacian matrix associated with the communication

structure. Here the communication structure is symmetric

and corresponds to a well-connected communication graph,

in which case Lc is positive semi-de�nite, with a single

zero eigenvalue [27]. A steady state Ωs , 0 will be reached

exponentially because the state transition matrix −Γ −1Ψ Lc
is negative semi-de�nite, with a single zero eigenvalue.

The steady state is proportional to the zero-eigenvector of

the Laplacian:

0n = −LcΩs ⇐⇒ Ωs = α1n ⇐⇒ ωsi =ωsj =ωavg , (22)

where 0n is an n-dimensional vector of all zeros and 1n is

an n-dimensional vector of all 1s. It follows that consensus

is reached exponentially fast.

Remark IV.2. Because Lc is symmetric with 1n as eigenvector
associated with its unique zero eigenvalue, it is easily seen that∑
i
γi
ψi
ωi(t) is independent of time. Hence the �nal averaged

frequency, and the consensus of all frequencies, is therefore
given by

ωavg = lim
t→∞

ωi =

∑
i
γi
ψi
ωi(t)∑
i
γi
ψi

, t ≥ 0. (23)

It is thus equal to the weighted sum of the original frequencies,
weighted according to the ratio of clock drift to the correspond-
ing frequency controller gain.

Given all γi are near 1, selecting all ψi = ψ > 0 is a
reasonable choice, which yields

ωavg = lim
t→∞

ωi(t) ≈
1
n

∑
i

ωi(t) (24)

The accuracy of the frequency consensus algorithm

depends on the measurement accuracy of the local

frequency. Perfectly accurate local frequency measurements

will lead to perfect synchronization (18). In the presence

of clock drift some frequency measurement error cannot

be avoided, and the above control law will lead to almost
frequency stabilisation, with a residual error of the order

of the mean measurement error over the network (the

larger the network the smaller the residual error). Also, the

modi�ed angle droop control, to be proposed in Section IV-B

is robust with respect to small inaccuracies in frequency

measurement, and hence perfect frequency stabilisation is

not required.

Although the power sharing is perturbed by the fre-

quency consensus control action, once frequency consensus

is reached, the steady state power distribution (15) only

depends on the line impedances. As the frequency consensus

is guaranteed independent of the power sharing, the power

sharing controller can focus on power sharing as if frequency

consensus holds.

To model the dynamics of the power controller, assume

that the power measurements are obtained as the output of

a unity gain, low pass �lter, represented by:

γi Ṗi = −fp,iPi + fp,ipi , (25)

where fp,i is the low pass �lter cut-o� frequency and pi is

the power supplied by (see equation (15)) the ith inverter.

De�nition IV.3. De�ne state vectors δ = col(δi), Pm =
col(Pi), Pa = col(pi) and Z = col(zi). De�ne system matrices
Γ = diag(γi), M = diag(mi) and In = diag(1). Introduce

the power-angle Jacobian Ln =
∂Pa
∂δ
|δs . As above, the matrix

Lc is the symmetric, positive semi-de�nite Laplacian matrix
associated with the communication graph [27].

We also introduce a deviation vector associated with every

state vector. For example, δ̄ is the deviation vector for the

local phase angle vector δ, de�ned as:

δ̄ = δ − δs, (26)

where δs is the equilibrium vector of phase angles. Similarly

deviation vectors are de�ned for the state vectors (P̄m, Z̄) and

equilibrium vectors (Psm,Z
s
).

Using equations (19), (20), (25) and (26) we can obtain the

deviation vector dynamics of the closed loop system. The

linearized system is given below:

(I2 ⊗ Γ )
[ ˙̄Pm

˙̄Z

]
=
[
−f (In +LnM) −f Ln

kLcM 0n×n

]
︸                        ︷︷                        ︸

:=A

[
P̄m
Z̄

]
(27)

For simplicity sake, we assumed fp,i = f , and ki = k to be the

measurement �lter cut-o� and the integral control gain at all

inverters, respectively. For properties of matrices Ln and Lc
see [28] and [29], respectively. The eigenvalues of A de�ned
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in (27) are the roots of the equation

det(λAI2n −A) = det(Q(λA)) (28)

where Q(λA) = λ2
AIn + f λA(In+LnM) + f kLnLcM.

Lemma IV.4. Given the properties of the matrices Ln,Lc and
M, the matrix product LnLcM has a zero eigenvalue and all
the remaining eigenvalues have positive real parts. The real
parts of the eigenvalues of In +LnM are always positive.

Proof: The droop coe�cient matrix M is diagonal with

strictly positive entries, and hence it is strictly positive

de�nite. The network laplacian Ln is associated with a

strongly connected graph (of the Kron-reduced network) and

therefore its non-zero eigenvalues have a strictly positive real

part (there exists a zero eigenvalue of geometric multiplicity

one) [28]. We also assume that any vector v ∈ C
n

and

LcMv(, 0n) is not in the null space of Ln which is reasonable

since the matrix Lc cannot map to its own kernel space, i.e.,

1n. The second part of the claim comes from the fact that

the zero eigenvalue of LnM disappears on addition with the

identity matrix In.

Theorem IV.5 (Power Sharing). Considering that the fre-
quency controller (21) stabilizes the frequency, let µi(= ai+jbi)
be the ith eigenvalue of the matrix (In+LnM) and ρi(= xi+jyi)
be the ith eigenvalue of matrix (LnLcM), i = 1,2, . . . ,n. We
de�ne σ := k

f , Ui := a2
i − b

2
i − 4σxi , and Wi := 2aibi − 4σyi .

Then, the linearized closed loop system (27) is stable for

appropriate choices of f ,0 < k <<min(
1
mi

), 0 < mi << 1 that

satisfy the condition:

W 2
i

4
+Ui < 1 (29)

Proof. First, we prove that power sharing criterion is satis-

�ed. The integral consensus term of (20) is a negative feed-

back term with the matrix Lc governing its state evolution.

Consequently, in steady state, we have:

0n = kLcMPsm ⇐⇒ MPsm = β1n ⇐⇒ miP
s
i =mjP

s
j , (30)

where 0n is a n-dimensional vector of zeros, 1n is a n-

dimensional vector of ones and β is a constant depending

on aggregate inverter loading which includes both loads and

losses. Secondly, to prove the system stability, we analyse

the characteristic polynomial det(Q(λA)) de�ned in (28).

Recall that from Lemma IV.4, the <{v∗LnLcMv} ≥ 0 and

<{v∗(In +LnM)v} > 0 for any vector v ∈ Cn with v∗v = 1.

For any vector v with v∗v = 1 we will then have

v∗Q(λA)v = λ2
A + f λAv

∗(In +LnM)v + f kv∗LnLcMv. (31)

Let vi be the right eigenvector of Q(λA), such that

v∗iQ(λA)vi = 0. That implies

λ2
A + f λAv

∗
i (In +LnM)vi + f kv∗iLnLcMvi = 0. (32)

With eigenvalue de�nitions introduced in the statement of

Theorem (IV.5) the above equation becomes

λ2
A,i + f λA,iµi + f kρi = 0. (33)

The eigenvalues of A are the roots of the above equation for

i = 1,2, . . . ,n. From Lemma IV.4 we conclude that µ1 = 1
and ρ1 = 0 are the smallest eigenvalues associated with

the second and the last term in (32), respectively. Moreover,

$M−11n,$ ∈ R \ {0} is the eigenvector associated with

these eigenvalues. Therefore, we conclude that the �rst two

eigenvalues of the matrix A are

λA,11,2
= 0,−f . (34)

The remaining eigenvalues are obtained by solving

λ2
A,i + f λA,iµi + f kρi = 0, i = 2,3, . . . ,n (35)

Since the above equation is quadratic, the solutions can be

written as

λA,i =
f

2

−1±

√
µ2
i −

4kρi
f

 . (36)

As introduced in the Theorem IV.5 statement, we can de�ne√
Ui + jWi =

√
µ2
i −

4kρi
f

(37)

The roots of

√
Ui + jWi take the form ±(ui +jwi) [28]. Here,

we need ui to be less than 1 to ensure that the (non-zero)

roots always have a negative real part, which can be achieved

by designing an integral control gain k according to (29).

The sign of the eigenvalues of A will not be a�ected by the

positive-de�nite matrix (I2⊗Γ ). Since traditional angle droop

controller is based on small angle approximations (truncated

Taylor series expansion) of the sine function, it is good

practice to choose small values of k, typically much lesser

than the smallest reciprocal of any droop coe�cient, i.e.,

k <<min(
1
mi

) to avoid unnecessary oscillations.

V. Simulations and Discussion

We present a simulation example to illustrate the perfor-

mance of the stabilizing controller; a microgrid consisting

of three single phase inverters (controlled using cascaded

voltage control loops [30]) operating in parallel supplying

a common load, a system in a star topology as discussed

in Section III. The parameters of the system are given in

Table II. They are informed by [11], [30] and are modi�ed

to suit our model. It is worth observing here that the main

network impedances are inductive. If these impedances were

not inductive, the suggested angle droop controller would

be inappropriate. We remark that when this is not the case,

virtual impedance control at the inverter can be used to

enforce this condition. The simulations are implemented in

MATLAB SimPowerSystems. Several scenarios with di�erent

controllers are simulated.

Table II: Simulation Parameters

Vdc fsw kpi kpv kri krv Lf Cf
380V 10kHz 0.7 0.35 100 400 1.8mH 25µF

Vi R1 R2 R3 X1 X2 X3 R0
339.4V 0.02Ω 0.04Ω 0.03Ω j0.2Ω j0.4Ω j0.3Ω 16.6Ω

mi ω∗ δ∗i Lc
(1 ×10−6)◦/W 50 Hz 0◦ [1 − 1 0;−1 2 − 1;0 − 1 1]
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Figure 4: Active power sharing between inverters in (a)

traditional angle droop (b) proposed angle droop control with

inverters operating at ideal frequencies; – Inverter 1, - -

Inverter 2, -.- Inverter 3.

Case 1 : Inverters with identical clocks and disproportionate
output impedances

The three inverters are operating at the rated frequency

ω = 50 Hz. There are no clock drifts: γi = 1. The evolution of

the output power supplied by the inverters in this scenario

is given by Figure 4(a). It can be clearly seen that the power

supplied by each inverter depends on its output impedance

as discussed in section IV. As is to be expected, the inverter

with the largest per-unit output impedance supplies the least

power.

Case 2 : Inverters with identical clocks, disproportionate output
impedances and power consensus controls

In this case, the rated frequency, ω∗ at each inverter

remains at 50 Hz. Clock drifts are not present. Only the pro-

posed power consensus controllers are now active. Figure 4(b)

shows changes in the active power output of each inverter

over a time period of 12 seconds. The power consensus time

constant is about 1s. It is clearly seen that power sharing is

restored. The integral controller ensures zero power sharing

error in this case, irrespective of the disparate per-unit output

impedances.

Case 3: Inverters with non-identical clocks and disproportionate
output impedances

In this case, the rated frequencies of the inverters remain

at 50 Hz. Time invariant clock drifts are present. The

relevant drift parameters are η1 = −0.01 Hz, γ1 = 1.0002,

η2 = 0.01 Hz, γ2 = 0.9998 and η3 = 0.02 Hz, γ3 = 0.9996.

The output power and the local frequency of each inverter

is shown in 5(a) and 5(c), respectively. When these clock drift

are not compensated for, the injected powers start drifting

apart. That is the microgrid is unstable. Indeed notice that

in this case one of the inverters actually sink power. Four

quadrant inverters may be able to cope with this situation

under some energy constraints, but simple inverters will

not allow such large deviations, and their current protection

will lead to inverter shut-down, and hence microgrid failure.

Moreover, as shown in Figure 5(e), the voltage stability of

the microgrid has also been compromised. Clearly, there is

no stable network frequency (shown in �gure 5(g)) in the

microgrid.

Case 4: Inverters with non-identical clocks, disproportionate
output impedances and consensus controls

While the parameters are the same as in the previous case,

in this scenario both the frequency and power consensus

controls are active and chosen according to the criteria

provided. In spite of the clock drift, it is clearly shown

in Figure 5(b) that power sharing is achieved. During the

transient phase, the power sharing error is still signi�cant;

further work is required to avoid large transient deviations

in power sharing, and to respect the operational envelope

of the inverters. Once the frequency consensus control

delivers a consensus frequency, as shown in Figure 5(d) the

power sharing is quickly restored (the time constant was

chosen rather large to illustrate the e�ect of the frequency

consensus control). We also observed that the power sharing

controller alone can counteract small frequency di�erences

in terms of stability of output power.

In most cases, the large �uctuations in power can be

avoided by making proper choices of the control gains k and

ψ. For the given system, the large negative power outputs

can be avoided by little larger gains. This result is shown

in Figure 6. In Figure 6(a) the control gain k is increased to

104
which results in smaller �uctuations in the real power

output. In Figure 6(b) the frequency control gain is increased

to ψ = 2 and the power control gain gain k = 5 × 103
. As

shown, the power �uctuations are similar to the case with

k = 104
(with a small negative output). The power sharing

error also subsides quickly in both these cases. Since we have

assumed that the inverters are bidirectional, they can easily

cope with small negative power variations, if any. Desired

transient response can be achieved by carefully tuning the

control gains. Very large gain k might result in an oscillatory

response since the eigenvalues can reach the imaginary axis.

This should be avoided to achieve asymptotic stability as

remarked at the end of the proof of Theorem IV.5.

Remark V.1. It is worth mentioning that typical low voltage
microgrids, like the one shown in simulations, are con�ned
to relatively small neighbourhoods and the output impedances
would most likely be resistive more than inductive. However, it
is possible to modify the output impedance to be inductive by
taking advantage of virtual impedance emulation techniques
[31]. Indeed, one can modify the reference voltage as:

vnewi,ref (ti) = vi,ref (ti)− io(ti)Rv −Lv
dio
dti

, (38)

where io is the output current, Rv and Lv are the desired
output virtual resistance and inductance, respectively. Virtual
impedance emulation can also be used to achieve proper power
decoupling at various voltage levels and impedance ratios.
The analysis should therefore consider these values in Kron
reduction and power �ow.
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Figure 5: (left) The response of the network with frequency drifts and without consensus control; (right) The response of

the network with frequency drifts and with proposed consensus control, ψi = ψ = 1 and ki = k = 103
. (a,b) Inverter output

active power (c,d) inverter output voltage frequency (e,f) rms load voltage (g,h) load frequency; ‘–’ Inverter 1, ‘- - ’ Inverter

2, ‘-.-’ Inverter 3, ‘–’ Load.
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Figure 6: Active power sharing between inverters with (a)

k = 104
and ψ = 1 (b) k = 5×103

and ψ = 2; – Inverter 1, -

- Inverter 2, -.- Inverter 3.

VI. Conclusion

We have shown that the angle droop controller is very

sensitive to clock drift. Assuming the frequency drifts are

slowly time varying, we introduced a combination of sta-

bilizing controllers that ensure the desired operation in an

angle droop controlled microgrid. The proposed framework

is based on local peer-to-peer communication to achieve �rst

a consensus in the system frequency and then to restore

the desired power sharing between the inverters. Simulation

results are presented to illustrate the control ideas. Transient

stability, and safety of grid connected operation of angle

droop controlled microgrids as well as communication la-

tency are some important aspects that require further work.

A laboratory scale implementation of the proposed microgrid

control will be reported separately.
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